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Dynamical System in Physics

® Physics:
® The study of matter, energy, motion, and force in the nature
® Understanding how systems evolve over time and respond to external forces

® Dynamical System:

® A system where the state changes over time according to specific rules

Usually expressed using mathematical models, particularly differential equations
Example: motion of planets, waves,gene expression

x(t) = state of the system at time t

f(x, t) = dynamical system

% =how the state changes over time

o _
dt

f(x,t)
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Physics-informed Machine Learning (PiML)

® Integrates known physical principles into neural networks:

® |mproves robustness

® More interpretable

® Efficient with less data
® Physics can be integrated at various ML stages[!l:

® Problem formulation: Frame variables in terms of physical laws
Data collection: Use domain knowledge to collect data
Architecture modification: Embed physics into the model
Loss function design: Penalize violations of physical laws
Optimization: Ensure optimization respects physical constraints
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Ordinary Differential Equation (ODE) in Physics

® Describes systems evolving over time with respect to
a single variable
® Solution to an ODE: State of the system at time t
® Example: Mass-spring system
® m = mass of the object, g = position of the object,

p = momentum, k = spring constant

® The system evolves according to the law:
2

d
mgE = —kq
® The momemtum is defined as: p = m% = % =2
_ ndq dp __ . dv dp __ k dp __
CPEMG = g = Mg = g = My = g = —kq
® So the system now becomes:
dg p dp
e T Ty T — _kq
dt  m’ dt

m | p=mq

Figure: A simple mass-spring
system
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Hamiltonian Mechanics

® Describes the evolution of a system using energy-based principles
® Formulates the system's evolution in phase space:
® Phase space contains the coordinates g (position) and p (momentum)
® The state of a dynamical system is recorded as a trajectory in phase space
® The Hamiltonian represents the total energy of the system: H(q;, pi,t) =T + V
V' = potential energy, T = kinetic energy
® The system dynamics are governed by the Hamiltonian equations:
dg 6H dp  6H
dt ~ 6op’dt  éq
[ J

Ensures energy conservation
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Hamiltonian in Mass-spring System

® The system is defined as:

dg _ p dp _ _
dt = m> dt kq

® The Hamiltonian for the mass-spring system:

H(q,v) = 2’); + %kcf
* Hamilton's equations: 99 = %, gp —%
. %:%@; lkq) P thus 99 — £
o 2 (5 +ika?) = kq, thus
*=—kq

Phase Space of a Spring-Mass System

—— Phase Space Trajectory
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Hamiltonian Neural Network (HNN)!

Learns H(q, p) directly from data
® The loss function:

dHy q 5H9 P
Lunn =
op
® Penalizes deviations from the Hamiltonian equations: % = %’;’, % = ‘(55’;

® Input: Observations of the system's state over time
® Position: g
® Momentum: p
® Qutput: The Hamiltonian Hy
® Hy is used to compute dq and dp
® From ‘;‘Z and d’;, p and q can be computed by Runge-Kutta method

° 5{;" and ‘SH9 for loss function can be computed by automatic differentiation
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Performance of HNNI

Ideal mass-spring

Same architecture for HNN and baseline
HNN uses Lynn

L dg dp
Baseline directly outputs 3! and 37

dq dp
HNN outputs Hy from where we can compute 7 and ;
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Learning Hamiltonian from Pixels

® Autoencoder can be used
® An encoder encodes pixel data into a latent space z = (z4, 2p)
® z approximates g, Zp approximates p
The HNN operates on the latent space and learns H(q, p)
Loss functions:
® Lpynn: Hamiltonian loss
® [ ae: reconstruction loss for the autoencoder

® Lcc=|lz5— (25— 252

® Encourages the latent space variables to behave like canonical coordinates
° zs - zé“ approximates the velocity or the rate of change of position
® z} corresponds to the velocity

® Lcc penalizes the difference between the two
Project the output from HNN back to the pixel space

Ground truth

NN/ EANNVTZ P ENNL 70D

Hamiltonian NN

WEHARAANAT A VANTE A
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Strengths and Limitations of HNN

e Strengths:
® Can learn the information of conserving energy
® Reversible dynamics: we can simulate trajectories backward in time
® | earns better than regular neural networks in physics-based tasks

¢ Limitations:
® Not suitable for complex systems with non-conserved forces
® Works Only for Hamiltonian Systems, cannot be directly applied

to general PDEs
® |ess scalable for complex systems, e.g., three-body problems
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How can we address these problems and
generalize for any system?
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How can we address these problems and

generalize for any system?
Physics Informed Neural Network (PINN)[3]
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Partial Differential Equation (PDE) in Physics

® Describes how the system evolves over multiple variables (e.g., both time and space)
® General formPl: 8¢ 4 A[u,\] =0
® Example: the Burger's equation: a nonlinear PDE commonly used in fluid dynamics

2
ou ou 0.0157U =0;x €[-1,1],t €[0,1]

JR— ui _— —

ot dx T Ox2
® u(t,x) = velocity field, v =viscosity coefficient
° ‘;—‘t’ = rate of change of velocity

° “% describes how velocity changes in space

° %227‘2’ describes how disturbances spread out
® By comparing, N u, \] = “% - 0.7;)1%21 =0;x€[-1,1],t € [0,1]
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mRNA Dynamics as a PDED!

® The dynamics of mRNA in a gene regulatory o gmmmm
network: ALY A AllA b YiAYE _

6 q 52 q l polymerase
e a— D~
e T Paga

® g = mRNA concentration l
.. [

® o = transcription rate A

Translation

® ~ = degradation rate

polypeptide

® D, = diffusion coefficient

327‘2’ = the spatial spread of qg.

Figure: mRNA life cycle!
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Forward Problems of PDE[I

® Forward Problem:

® Given: a known PDE, initial and boundary conditions, and system parameters
® Want: compute the solution over time or space

e Approximate u(t, x) using a neural network
e Standard PDE: %% + N[u,\] =0

® The residual of the PDE: f = 8% + \u, )]
® By comparing, we get f =0

® Incorporate this information into the loss function: Physics Informed Neural
Network (PINN)!
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Forward Problems of PDE[! (cont.)

® A neural network approximates u(t, x)

® Automatic differentiation is used to compute f(t, x)
e Apply the loss function:
® Data Constraint (MSE,):

1
Eu = ﬁu ; |u(t,-,x,-) — U,'|

N, = number of initial and boundary training data points
® Physics Constraint (MSE¢):

1 &
Lr=——) |f(ti,xi
= L)

N¢ = number of PDE training data points
® Total Loss: L = MSE, + MSE¢
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Solving Burgers’ Equationl]

° The one-dimensional Burger's equation:
Su g ylu 00L&y _ g x e [-1,1],¢t € [0,1]
® Given |n|t|al condition: u(0, x) = —sinmx
¢ Given boundary condition: u(t,—1) = u(t,1) =0
® The residual: f(t,x) = ‘;‘t’ +u ‘L” - %g%
® The loss function:

L= M u(0,x) + sinmxi| + 7 z u(ty, —1) + u(t;, 1) + & z (i)
e Input: t and x, Output: u(t, x)

t=0.25 t =0.50 t=0.75

u(t,z)
u(t,z)
u(t, x)

m— [ixact == = Prediction
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Inverse Problem of PDEDI

® |nverse Problem:

® Given: observations of the system'’s state over time u(t, x), general form of the PDE
® Want: unknown parameters, the governing equation

® Approximate A using a neural network:
® Estimate uy and compute the derivative of u) with respect to time: %*
® Compute the residual using the derivative and infered A\: f(t,x) = %* + Nu, A
® Enforce the residual during training to respect the physical law described by the PDE

® Same loss function as the forward problem
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Estimating Parameters of Burger’s Equation[3!

® Given equation: % + )\1u5” )\252” =0
® The residual: f(t,x) = 5 +)\1u - X g;
e Try approximating u(t, x) by predlcted A1 and A using a deep neural network
® Fit the estimation using the loss function:
£ 1Dt~/ + 43 )
® Input: t and x, Output: u(t,x)
® )1 and A are learned indirectly through optimization
t=0.25 t=0.50 t=0.75
1 14 14
; 0 g 0 ; 0
-1 —14 -1
1 0 1 -1 [I) 1 —1 0 1

== Exact === Prediction
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Estimating mRNA Dynamics Parameters

® For simplicity, | considered the diffusion term is . PINN preicion v BactSolution slve p)
negligible: ‘;—Ct’ =a+vq

® The residual: f(t,q) = g—ct’ —a—7q

® Generated toy data g for a =1 and v =2

® Trained a very simple neural network

® [oss function:

Lmrna = NZ|CI ti,0)—qi|*+ NZ

® Result: o = 0.892874, v = 1.771568

TTTTT

+7(0)a(t;, 0)
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Strengths and Limitations of PINN

® Strengths:
® Incorporates physical laws into machine learning
® Data-efficient: comparatively works with small datasets
® (Can solve both forward and inverse problems

® Limitations:
® Training with physics constraints and data constraints
increases computational overhead
® Relies on collocation points: in higher dimensions
the number of points required will grow exponentially
® Works only on loss functions
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So far modified only the loss function,
how about the architecture?



So far modified only the loss function,
how about the architecture?

Neural Ordinary Differential Equation
(Neural ODE)!S]



ODE Solvers

® ODE: describes how a variable y(t) evolves over time based on a f(y, t):
d
7{ = f(yv t)
® The solution y(t) is found by integrating this equation over time
® Initial value problem:
® Given: initial condition y(ty) = yo, dynamics % =f(y,t)
® Want: y(t) where t > tg
® Numerical ODE Solvers: solve the initial value problem numerically

® Euler's Method, Runge-Kutta Method etc.
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Euler Discretization

® A numerical method for solving ODEs N Approximative solution

X o+
i ApprOXimateS a SOlUtion at diSCfete TaRgED: - //"/ B Local discretisation error

time steps: / N
X(tn) Exact solution
hty1 = he + At.f(h(t), t)
_ ) X(t) .

® h, = solution at time step t « >
e f(h(t),t) = the function defining the o ot t

system’s dynamics

e At = time step Figure: Euler Discretization "
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Residual Network (ResNet)!®]

A type of deep neural network that
incorporate skip connections

The hidden state is updated by:
hey1 = he + f(h, 0;)

The equation is structurally identical to
the Euler discretization formula, where
At=1

ResNets can be interpreted as a
discretized approximation of a
continuous dynamical system

identity

Figure: A Residual Building Block ®!

25/41



What if we use a continuous time model
instead of a discretized approximation?



Neural Ordinary Differential Equation (Neural ODE)[®!

® Replaces discrete layers of ResNet with Residual Network ODE Network
a continuous-time system 5 5
® Treats hidden states as solutions of an 4
ODE Jh i
D f(h(t). .0 g
o = f(h(1).1.0) :

® h(t) = hidden state as a continuous
function of time t

/7

_ -5 -5
® f(h(t)7 t7 9) =a neural network that Input/Hidden/Output Input/Hidden/Output
defines the dynamics of the system

® () = the parameters of f Figure: ResNet treats the system as a discrete
model and Neural ODE treats the system as a

® ODE solvers are treated as black-boxes continuous model
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Neural Ordinary Differential Equation (Neural ODE)[® contd.

e Starts with an initial state h(tg) (may come from the input data)
e f(h(t),t,0): a neural network determines the rate of change of the hidden state over
time
® A numerical ODE solver integrates f(h(t), t,0) to compute the state h(T) at the
final time T -
h(T) = h(to) +/ f(h(t), t,0)dt
to
e h(T) = ODESolve(h(tp), f,ty, T,0) [black box]
® The final state h(T) is the output of the network

Cat

ODESOLVE(h(0,f, 0, T, )
ho) |- ZEONERCLOTS o hm

Softmax

28 /41



Backpropagation in Neural ODE![®]

® Backpropagation through an ODE solver is memory-intensive
® Requires storing intermediate states: high memory consumption

e Solution?
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Backpropagation in Neural ODE![®]

Backpropagation through an ODE solver is memory-intensive

® Requires storing intermediate states: high memory consumption
Solution?

Use Adjoint Sensitivity Method
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Adjoint Sensitivity Method[®]

A technique used to efficiently calculate the sensitivity of a system'’s output to
changes in its input parameters

In stead of storing all intermediate states, define an adjoint variable:

oL
a(t) = m

Tracks how the loss depends on the hidden state h(t) at time t (sensitivity)

® Compute how the adjoint state evolves backward in time dt a(t)TW
® Solve this ODE backward in time to compute gradients
L]

Ultimately the parameter gradients: 2% = [ a(t)TW

00 — Jt
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Adjoint Sensitivity Method in Neural ODEI®!

® Solve the ODE from tj to t; to get
the final state h(t;)

¢ Define the adjoint state a(t)

® Solve the adjoint ODE backward in
time from t; to fy

2(tn)

2(to) z(tiy1) State

° Compute gradlents using the o oL

. . ; Adjoint State
{to) 0z(t;) |\/
integral %% = [ a(t)TM oL A i
& 59 51 o6 imtm :‘\/T | Oz(ti) :
| z)A\tN

]
T
to t; tiv1 13
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Performance of Neural ODEI®

Numerical Error

10! 1le-0 le-0 150
w k]
le-l £ lel 5
-1 = /
10 le-2 : 2 g 100
>0 o S e%
. le3 5 3 @
* le-d % led ¢
§ e ,
=t 9 S e @
07— 10 10 7 0 =s0 w0 10 *°° % s 100 150
(a) NFE Forward (b) NFE Forward (c) NFE Forward

Figure: Statistics of Neural ODE (NFE: number of function evaluations)
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Recurrent Neural Network (RNN) and Variational
Autoencoder (VAE)

® Variational Autoencoder: Learns a

® Recurrent Neural Network (RNN):
probabilistic latent representation of

Previous outputs influence future

predictions data
hio hi, hiy

|
.\‘/_?y\‘_ Input Encoder L::::": Decoder Output

Figure: Recurrent Neural Network ® Figure: Variational Autoencoder
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Latent Neural ODE!®

® Observations x1, X2, ..., Xy are encoded into a latent initial state z,
® Use an RNN or MLP to approximate z,
e Latent ODE solver evolves the latent state over time:
Zt,, Zty, - - -, Zty, = ODESolve(zy,, f,0f, to, . .., tm)
® Maps latent states back to observations: X; ~ p(X¢|z¢)

ODE Solve(zy,, f.05,to, ... tar)
RNN encoder

I
Rt 2t 2 \
hfo hm htN Zto | N Rty N+1 M i
1 I
— - & < |
A A ! N ' v | 4' )
4 | | Latent space ! i e s -
| ! | Data space v ' B v i
I‘\m M
1 | A
Time x(t x (t)
——o —— 06— 000>
to t1 In  INyr oty to ty tn I+t
- > -—> - > < :
Observed Unobserved Prediction Extrapolation
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Performance of Latent ODEI[®]

=== Ground Truth (€
® Observation

== Prediction

== Extrapolation

(c) Latent Trajectories
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Strengths and Limitations of Neural ODE

® Strengths:
® Models data evolution continuously, ideal for time-series, and dynamical systems
® Uses the adjoint method for backpropagation, solving an ODE backward instead of
storing all intermediate activations. This reduces memory cost
® Can work well with irregular time-series data, particularly useful in biomedical

applications
® Limitations:
® Requires iterative numerical integration: slower
® Different ODE solvers (Euler, Runge-Kutta) produce varying results
® Without explicit physics constraints (e.g., PINNs) or conservation laws (e.g., HNNs),
Neural ODEs may not generalize well to physical systems

36/41



Comparative Analysis of PiML Frameworks

systems

constrained problems

Features HNN PINN Neural ODE
Physics Embedded in the loss | Embedded in the loss Continuous-time
: . . evolution of hidden
Integration function function
states
- i ? i _ti
Use Case Energy-conserving PDE (or ODE?) Continuous-time

modeling, time-series

Computational
Cost

Moderate (efficient, but
needs structured
problems)

High (many collocation
points needed)

Expensive (solving
ODEs iteratively)

Advantage

Conserves energy

Ensures physics
constraints

Leverages ODE solvers
in NN framework
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Future Work

® Combining Hamiltonian and Lagrangian mechanics into a unified framework
® Both energy conservation and motion constraints
® Combine physics constraints with continuous-time representations
® Combining Neural ODE with PINN or Neural ODE with HNN would be a very strong
modeling tool

® |n cell biology:
® PINNs can be used to model reaction-diffusion systems underlying gene expressions
® HNNSs can simulate intracellular dynamics where energy conservation plays a role
® Neural ODEs with their adaptability to time-series data can track changes in gene

expression or cell states
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